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Abstract
We study the Lee-Yang zeros of the quantum ferromagnetic Ising
bath via the interaction with the two probe spins. Similarly as in paper
[Bo-Bo Wei, Ren-Bao Liu, Phys. Rev. Lett. 109, 185701 (2012)] the
problem of detecting the zeros is reduced to the exploration of time
evolution of probe spins. As a result, the relation between the Lee-
Yang zeros of the bath and correlation functions of the probe system
is obtained. Also we obtain relation between the Lee-Yang zeros and
values of the entanglement of probe spins. We apply these results to
the 1D Ising spin model with nearest-neighbor interaction which can
be prepared on trapped atoms.
1 Introduction
In papers [1, 2], Lee and Yang developed a new method based on the anal-
ysis of the partition function zeros (Lee-Yang zeros). The method was used
for studying the thermodynamic properties of a general ferromagnetic Ising
model defined by the Hamiltonian
Hb = −
∑
i,j
J bijs
z
i s
z
j − h
∑
i
szi , (1)
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where sαi is the α = x, y, z component of the spin-1/2 operator which is
determined by the Pauli α-matrix as follows sαi = σ
α
i /2, J
b
ij ≥ 0 are the
interaction couplings and h is the value of the magnetic field. We use the
system of units, where the Planck constant is h¯ = 1. This means that the
energy is measured in the units of frequency. Lee and Yang showed that the
zeros of the partition function can be used as a tool for exploring character
of phase transitions. The Lee-Yang zeros are determined by the values of the
magnetic field at which the partition function of the system vanishes. They
are located in the complex plane which corresponds to complex values of the
magnetic field. Really, the partition function of system (1) at temperature
T can be expressed as a 2Ns-th polynomial of z ≡ exp (−βh) as
Z (β, h) = Tr
[
e−βHb
]
= eβNsh
2Ns∑
n=0
pnz
n, (2)
where pn is the partition function with zero magnetic field under the con-
straint that the total spin of the system has the projection Ns− n, β = 1/T
is the inverse temperature and s is the value of each spin in the bath which
equals 1/2. Here, the Boltzmann constant is taken as unity. So, for certain
z partition function (2) becomes zero and we denote this zero as zn, where
n = 1, 2, . . . , 2Ns. In [2] Lee and Yang proved the theorem that the zeros
of partition function (2) are lying on the unit circle in the complex plane z.
This fact allows to rewrite the partition function as follows
Z (β, h) = p0e
βNsh
2Ns∏
n=1
(z − zn) , (3)
where zn = e
iθn , θn is the polar angle of the zn zero on the unit circle.
This theorem was generalized to the general ferromagnetic Ising model of
an arbitrary high spin [3, 4, 5] and the other type of interaction [6, 7, 8, 9]
including the ferromagnetic anisotropic Heisenberg model [10]. However, this
theorem is not valid to other many-body systems. For example, in the case of
antiferromagnetic Ising system the Lee-Yang zeros are not distributed along
the unit circle. It is worth noting that the zeros of the partition function can
be considered with respect to other physical parameters. For instance, Fisher
studied the zeros of the partition function with a complex temperature [11].
See also recent paper [12].
Due to the complex nature of the Lee-Yang zeros, it is difficult to im-
plement direct experimental observations of them. The first experimental
research of the density function of zeros on the Lee-Yang circle is based on
the analysis of isothermal magnetization of the Ising ferromagnet FeCl2 in
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an axial magnetic field [13, 14]. In papers [15, 16], the study of the Lee-Yang
zeros was considered in the time domain. The authors obtained the relation
between the Lee-Yang zeros of the Ising ferromagnet and the decoherence
of the probe spin. This fact allowed to provide direct experimental obser-
vation of Lee-Yang zeros on trimethylphosphite molecule [17]. In [18], the
physical values of the probe spin, which should be measured to detect the
Lee-Yang zeros of an arbitrary high spin Ising ferromagnet, were obtained.
Also in paper [19] the connection between the zeros of the partition function
and the two-time correlation function of probe spin was found. The possi-
bility of experimental observation of Lee-Yang zeros of an interacting Bose
gas was proposed in [20]. In paper [21], it was obtained the method of the
detection of dynamical Lee-Yang zeros. The exploration of the zeros of par-
tition functions of various many body systems can be also found in papers
[22, 23, 24, 25, 26, 27, 28, 29] and references therein.
In previous papers [15, 16, 17, 18] the authors studied the Lee-Yang zeros
of quantum ferromagnetic Ising bath in the context of decoherence of the
probe spin. As a result, the connection between the observed values of the
probe spin and Lee-Yang zeros of the bath was found. In the present paper,
as a probe system, we consider two interacting spin. As far as we know,
the problem with two probe spins has not been considered in the literature.
In this case appear new features such as an entanglement and correlations
between probe spins. These features can be related to the thermodynamic
characteristics of the bath. Namely, exploring the entanglement and corre-
lations as functions of time we can detect the Lee-Yang zeros of the bath.
So, we explore the influence of an arbitrary quantum Ising ferromagnetic
bath on the evolution of probe spins. Similarly, as in the case of one probe
spin, we obtain the relation between the partition function of the bath and
time-dependence of observed values of the probe system. However, in con-
trast to the previous case, where the mean values of one probe spin should be
measured, here we propose the correlation functions of two probe spins which
should be measured to detect the Lee-Yang zeros of ferromagnetic bath. Also
we investigate the influence of the bath on entanglement of the probe system.
As a result we obtain the connection between the value of entanglement of
probe spins and the Lee-Yang zeros. Such a connection appears for the probe
systems that consist of more than one spin. Therefore, this is a completely
new way which allows to detect the Lee-Yang zeros of the ferromagnetic bath
via correlations between two probe spins.
The paper is organized in the following way. The relation between the
Lee-Yang zeros of the bath and measured values (such as correlation func-
tions) of probe spins is obtained in Section 2. Also in Section 3 we obtain
the connection between the Lee-Yang zeros of the bath and values of the
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entanglement of probe spins. We present our results for 1D Ising spin ring
with nearest-neighbor interaction which can be prepared on trapped atoms
(Section 4). Discussions and conclusions are presented in Section 5.
2 Connection between the Lee-Yang zeros of
the spin bath and observed values of probe
spins
We consider the general quantum ferromagnetic Ising spin bath defined by
Hamiltonian (1) which interacts with two probe spins 1/2 described by an
anisotropic Heisenberg model. The interaction between these subsystems is
defined by the Ising Hamiltonian. Also the system is placed in an external
magnetic field which is directed along the z-axis. The Hamiltonian of the
system has the form
H = Hb +HAB +Hi, (4)
where
HAB = Jxx (s
x
As
x
B + s
y
As
y
B) + Jzzs
z
As
z
B + h0 (s
z
A + s
z
B) (5)
describes the interaction between the probe spins A and B with coupling
constants Jxx, Jzz, and the interaction of the probe spins with magnetic field
of the value h0, and
Hi = λ (s
z
A + s
z
B)
∑
i
szi (6)
describes the interaction between the bath and probe spins with the coupling
constant λ. Note that instead of the Ising bath the isotropic Heisenberg bath
with interaction
(
−∑i,j Jijsisj) or some other interactions that commute
with total spin of the system can be used.
So, assuming the spin bath being in thermodynamic equilibrium we study
the evolution of system (4) having started from the state
ρ(0) = |Ψ(0)〉〈Ψ(0)| e
−βHb
Z (β, h)
, (7)
where |ψ(0)〉 =∑1/2mA,mB=−1/2 amA,mB |mA, mB〉 is the initial state of two probe
spins A and B. Here |mA, mB〉 are the states which define the projections
of A and B spins on the z-axis with mA and mB eigenvalues, respectively,
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and amA,mB some complex parameters, which determine the initial state and
satisfy the normalization condition
∑1/2
mA,mB=−1/2
|amA,mB |2 = 1. Using the
fact that Hb, HAB and Hi mutually commute this evolution can be expressed
as follows
ρ(t) = e−iHtρ(0)eiHt = e−iHABte−iHitρ(0)eiHiteiHABt.
Then the density matrix of the system takes the form
ρ(t) =
1/2∑
mA,mB=−1/2
1/2∑
kA,kB=−1/2
amA,mB(t)a
∗
kA,kB
(t)
×e−iλ(mA−kA+mB−kB)t
∑
i s
z
i
e−βHb
Z (β, h)
|mA, mB〉〈kA, kB|, (8)
where
a 1
2
, 1
2
(t) = a 1
2
, 1
2
e−ih0te−i
Jzzt
4 , a− 1
2
,− 1
2
(t) = a− 1
2
,− 1
2
eih0te−i
Jzzt
4 ,
a 1
2
,− 1
2
(t) = ei
Jzzt
4
(
a 1
2
,− 1
2
cos
(
Jxxt
2
)
− ia− 1
2
, 1
2
sin
(
Jxxt
2
))
,
a− 1
2
, 1
2
(t) = ei
Jzzt
4
(
a− 1
2
, 1
2
cos
(
Jxxt
2
)
− ia 1
2
,− 1
2
sin
(
Jxxt
2
))
.
The evolution of the A and B spins can be obtained if in expression (8) the
average over the states of the remaining system is done. Then the reduced
density matrix for probe spins reads
ρAB(t) =
1/2∑
mA,mB=−1/2
1/2∑
kA,kB=−1/2
amA,mB(t)a
∗
kA,kB
(t)
×Tr
[
e−βHb−iλ(mA−kA+mB−kB)t
∑
i s
z
i
]
Z (β, h)
|mA, mB〉〈kA, kB|, (9)
where Tr[. . .] is calculated over the bath system. This expression is repre-
sented by the partition functions of the bath with different complex magnetic
fields h− iλ(mA − kA +mB − kB)t/β as follows
ρAB(t) =
1/2∑
mA,mB=−1/2
1/2∑
kA,kB=−1/2
amA,mB(t)a
∗
kA,kB
(t)
×Z (β, h− iλ(mA − kA +mB − kB)t/β)
Z (β, h)
|mA, mB〉〈kA, kB|. (10)
5
Depending on the values of mA(B) and kA(B), this expression contains two
types of the partition functions with h ± iλt/β and h ± i2λt/β magnetic
fields. Each of these functions vanish when the evolution time t is such
that exp (−βh + iλ(mA − kA +mB − kB)t) equals to Lee-Yang zeros. To
obtain these moments of time we rewrite these partition functions using
representation (3). Then, we get
Z (β, h− iλ(mA − kA +mB − kB)t/β)
Z (β, h)
=
e−iNsλ(mA−kA+mB−kB)t
∏2Ns
n=1
(
e−βh+iλ(mA−kA+mB−kB)t − eiθn)∏2Ns
n=1 (e
−βh − eiθn) . (11)
In the case of h = 0, the Lee-Yang zeros of the above partition function lie
on the time axis. Indeed, for the zero magnetic field the partition function
(11) takes the form
Z (β,−iλ(mA − kA +mB − kB)t/β)
Z (β, h = 0)
=
e−iNsλ(mA−kA+mB−kB)t
∏2Ns
n=1
(
eiλ(mA−kA+mB−kB)t − eiθn)∏2Ns
n=1 (1− eiθn)
. (12)
It is easy to verify that the Lee-Yang zeros of the ferromagnetic model are
lying symmetrically with respect to the real axis. This fact follows from the
real nature of pn in partition function (2). Taking into account this property
we represent partition function (12) in the form
Z (β,−iλ(mA − kA +mB − kB)t/β)
Z (β, h = 0)
=
∏2Ns
n=1
(
cos
(
λ(mA−kA+mB−kB)t
2
)
− cos
(
θn − λ(mA−kA+mB−kB)t2
))
∏2Ns
n=1 (1− cos θn)
.(13)
This expression vanishes when λ(mA − kA +mB − kB)t = θn. So, we obtain
the values of times tn = θn/ (λ(mA − kA +mB − kB)) which correspond to
the Lee-Yang zeros of bath. Also, we can see that for the partition function
with magnetic fields ±i2λt/β the Lee-Yang zeros are achieved twice faster
than for the partition function with magnetic fields ±iλt/β. So, the problem
of observing the Lee-Yang zeros of the bath is reduced to the study of time
evolution of the probe spins. For this purpose, we propose to measure the
correlation functions of the probe spins. It is easy to verify that the 〈sxAszB〉
and 〈syAszB〉 functions are expressed by the partition function of bath system
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as follows
〈sxAszB〉 = Tr [ρAB(t)sxAszB] =
Z (β,−iλt/β)
Z (β, h = 0)
×1
2
Re
(
a∗1
2
, 1
2
(t)a− 1
2
, 1
2
(t)− a 1
2
,− 1
2
(t)a∗
− 1
2
,− 1
2
(t)
)
(14)
and
〈syAszB〉 = Tr [ρAB(t)syAszB] =
Z (β,−iλt/β)
Z (β, h = 0)
×1
2
Im
(
a∗1
2
, 1
2
(t)a− 1
2
, 1
2
(t) + a 1
2
,− 1
2
(t)a∗
− 1
2
,− 1
2
(t)
)
, (15)
respectively. As we can see that these mean values allow to study the time
behavior of the partition function with magnetic field −iλt/β. It is impor-
tant to note that similar results we obtain for mean values of szAs
x
B and s
z
As
y
B
operators. To study the time behavior of the partition function with mag-
netic field −i2λt/β the mean values of the operators sxAsxB, syAsyB should be
measured and then the following difference constructed
〈sxAsxB〉 − 〈syAsyB〉 =
Z (β,−i2λt/β)
Z (β, h = 0)
Re
(
a∗1
2
, 1
2
(t)a− 1
2
,− 1
2
(t)
)
. (16)
Also we can study the time behavior of the partition function with magnetic
field −i2λt/β using the 〈sxAsyB〉 + 〈syAsxB〉 correlation function. The relation
which appears here is the following
〈sxAsyB〉+ 〈syAsxB〉 =
Z (β,−i2λt/β)
Z (β, h = 0)
Im
(
a∗1
2
, 1
2
(t)a− 1
2
,− 1
2
(t)
)
. (17)
So, to detect the Lee-Yang zeros of the bath defined by Hamiltonian (1)
the correlation functions of the probe spins as functions of time should be
measured. Note that connections similar to (14), (15), (16) and (17) exist
in the case of isotropic Heisenberg interaction between the spins of bath.
However, in this case the partition function is defined by the ferromagnetic
Heisenberg model. Also it should be noted that we do not propose to measure
the following correlation functions 〈szAszB〉, 〈sxAsxB〉 + 〈syAsyB〉 and 〈sxAsyB〉 −
〈syAsxB〉 because they do not depend on the partition function of the bath
system. These functions depend only on the initial state and the interaction
coupling of the probe spins. They have the following form
〈szAszB〉 =
1
4
(
|a 1
2
, 1
2
|2 − |a 1
2
,− 1
2
(t)|2 − |a− 1
2
, 1
2
(t)|2 + |a− 1
2
,− 1
2
|2
)
,
〈sxAsxB〉+ 〈syAsyB〉 = Re
(
a 1
2
,− 1
2
(t)a∗
− 1
2
, 1
2
(t)
)
,
〈sxAsyB〉 − 〈syAsxB〉 = Im
(
a 1
2
,− 1
2
(t)a∗
− 1
2
, 1
2
(t)
)
. (18)
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Finally, it is worth noting that the Lee-Yang zeros of the bath can be
detected by the single-spin correlation functions 〈sxA + sxB〉 and 〈syA + syB〉.
These functions are defined by the partition function of the bath in the
following way
〈sxA + sxB〉 =
Z (β,−iλt/β)
Z (β, h = 0)
Re
[(
a 1
2
, 1
2
(t) + a− 1
2
,− 1
2
(t)
)(
a∗1
2
,− 1
2
(t) + a∗
− 1
2
, 1
2
(t)
)]
,
〈syA + syB〉 = −
Z (β,−iλt/β)
Z (β, h = 0)
Im
[(
a 1
2
, 1
2
(t)− a− 1
2
,− 1
2
(t)
)(
a∗1
2
,− 1
2
(t) + a∗
− 1
2
, 1
2
(t)
)]
.
(19)
For 〈szA + szB〉 correlation function we obtain a similar dependence on the
initial state and interaction coupling of the probe spins as in case of the
〈szAszB〉 correlation function (18). Note that in the case of non-interacting
probe spins expressions (19) up to a factor takes the form as in the case of
one probe spin-1 obtained in paper [18].
3 Connection between the Lee-Yang zeros of
the spin bath and entanglement of probe
spins
It is interesting to study the influence of the bath on the entanglement of
probe spins. This knowledge allows us to find the connection between the
Lee-Yang zeros of the bath and the values of entanglement of the probe spins.
So, in this section we find these connections. To determine the value of entan-
glement of the probe system, we use the Wootters definition of concurrence
[30]
C(ρ) = max{0, ω1 − ω2 − ω3 − ω4}, (20)
where ωi are the eigenvalues, in decreasing order, of the Hermitian matrix
R =
√√
ρρ˜
√
ρ. Here, ρ˜ = 16syAs
y
Bρ
∗syAs
y
B. Note that ωi are real and posi-
tive numbers. For calculations it is convenient to use the eigenvalues of the
non-Hermitian matrix ρρ˜ which have the form ω2i . Let us calculate the con-
currence of A and B spins for the moment of time tn that corresponds to
zero zn of partition function Z (β,−iλt/β). Then, the eigenvalues of matrix
R constructed by density matrix (10) in the case of h = 0 have the form
ω1 = 2
∣∣∣a 1
2
,− 1
2
(tn)a− 1
2
, 1
2
(tn)
∣∣∣ , ω2 = 0,
ω3,4 =
∣∣∣a 1
2
, 1
2
a− 1
2
,− 1
2
∣∣∣ (1± Z (β,−i2λtn/β)
Z (β, h = 0)
)
. (21)
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The detailed derivation of these eigenvalues is presented in Appendix A.
Depending on the ratio between ωi we obtain different results for concurrence.
In the case of ω1 ≥ ω3,4 the concurrence has the form
C (ρAB(tn)) = 2
(∣∣∣a 1
2
,− 1
2
(tn)a− 1
2
, 1
2
(tn)
∣∣∣− ∣∣∣a 1
2
, 1
2
a− 1
2
,− 1
2
∣∣∣) . (22)
Otherwise, if ω3,4 > ω1, the concurrence reduces to the form
C (ρAB(tn)) = 2
(∣∣∣∣a 12 , 12a− 12 ,− 12 Z (β,−i2λtn/β)Z (β, h = 0)
∣∣∣∣− ∣∣∣a 12 ,− 12 (tn)a− 12 , 12 (tn)
∣∣∣) .(23)
At other moments of time, which do not correspond to the Lee-Yang zeros
of the partition function Z (β,−iλt/β), there is no simple equation describing
the time-dependence behavior of the concurrence of the probe spins defined
by density matrix (10). However, we can study the concurrence of this system
in the cases when the evolution happens on the subspaces spanned by the
basis vectors: 1. |1
2
,−1
2
〉, | − 1
2
, 1
2
〉 (a 1
2
, 1
2
=a− 1
2
,− 1
2
=0) and 2. |1
2
, 1
2
〉, | − 1
2
,−1
2
〉
(a 1
2
,− 1
2
=a− 1
2
, 1
2
=0), respectively. In the first case the bath cannot impact the
evolution of the probe spins and as a result the concurrence depends only on
the interaction coupling between spins as follows
C (ρAB(t)) = 2
∣∣∣a 1
2
,− 1
2
(t)a− 1
2
, 1
2
(t)
∣∣∣ . (24)
Here depending on the initial state the concurrence varies in the range
C ∈ [0, 1]. In the second case we obtain the influence of the bath on the
concurrence of the probe system
C (ρAB(t)) = 2
∣∣∣∣a 12 , 12a− 12 ,− 12 Z (β,−i2λt/β)Z (β, h = 0)
∣∣∣∣ . (25)
Here the maximal value of entanglement is determined by the initial state.
As we can see, the concurrence varies in the range C ∈
[
0, 2
∣∣∣a 1
2
, 1
2
a− 1
2
,− 1
2
∣∣∣].
Here the zeros of the partition function Z (β,−i2λt/β) coincide with the
zeros of concurrence.
In these cases for the study of entanglement the geometric measure
E(ρAB(t)) =
1
2
(
1−
√
1− 16〈sxAsxB〉2 − 16〈syAsxB〉2
)
(26)
obtained in paper [31] can be applied. Here 〈sxAsxB〉 and 〈syAsxB〉 are the
correlation functions calculated with density matrix (10) in the case of h =
9
0. Then the concurrences in equations (24) and (25) are defined by these
correlations functions as follows
C(ρAB(t)) = 4
√
〈sxAsxB〉2 + 〈syAsxB〉2. (27)
This fact allows to measure it on an experiment.
Let us consider the results obtained in Sections 2 and 3 on the real physical
system.
4 Application to the spin ring
In this section we apply our results to the ring of N spins as the bath and
two probe spins placed in the center of this ring (Fig. 1). Each of the probe
spin interacts with each spins of the bath with the same interaction coupling
λ. We assume that the interaction between bath spins is described by the
1D ferromagnetic Ising model with nearest-neighbor interaction J b, and the
interaction between the probe spins is isotropic and is defined by the coupling
constant J . Note that the effective spin ring can be prepared on trapped ions
[32, 33, 34] or ultracold atoms [35, 36, 37]. In paper [38], it was presented the
method for simulation of the ground states of spin rings with cavity-assisted
neutral atoms.
s1
s2
s3 s4
s5
s6
s7
s8s9
s10
sA sB
Figure 1: Spin ring. The model consists of ten spins si (black circles) as the bath and two
probe spin sA and sB (gray circle).
We present our results for the bath consisting of ten spins 1/2. Using the
transfer-matrix method [39, 40, 41] we express the partition function of such
a model in the form
Z (β, h) = zN+ + z
N
− , (28)
where
z± = e
βJb
4
[
cosh
(
βh
2
)
±
√
sinh2
(
βh
2
)
+ e−βJb
]
.
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(a) (b)
Figure 2: The connection between the Lee-Yang zeros of ten spins 1/2 Ising ferromagnet
with nearest-neighbor interaction (upper figures) and concurrence of probe spins (solid
curve), mean value of the probe spins operator syAs
z
B (29) (dashed curve) (lower figures).
The results are presented for different temperatures: (a) T = ∞ and (b) T = Jb. The
upper figures show the positions of the Lee-Yang zeros of bath in the complex plane.
The lower figures display the positions of the Lee-Yang zeros in the time domain. In the
insets, the moments of time when the Lee-Yang zeros are reached are marked by the solid
circles. The dash-dotted curve shows behavior of concurrence of the probe spins without
the influence of the bath. As we can see, for high temperature only one Lee-Yang zeros
exists. This is a so-called degenerate case. However, the degeneration begins to disappear
with decreasing temperature. This fact is clearly visible both in the complex plane and in
the time domain. The interaction between the probe spins is isotropic and is defined by
the coupling constant J = λ/2pi.
11
(a) (b)
Figure 3: The connection between the Lee-Yang zeros of ten spins 1/2 Ising ferromagnet
with nearest-neighbor interaction (upper figures) and concurrence of probe spins (solid
curve), mean value of the probe spins operator syAs
z
B (29) (dashed curve) (lower figures).
The results are presented for different temperatures: (a) T = Jb/4 and (b) T = Jb/8.
The upper figures show the positions of the Lee-Yang zeros of bath in the complex plane.
The lower figures display the positions of the Lee-Yang zeros in the time domain. In the
insets, the moments of time when the Lee-Yang zeros are reached are marked by the solid
circles. The dash-dotted curve shows behavior of concurrence of the probe spins without
the influence of the bath. It is well seen both in complex planes and in the time domain,
that the further decreasing of temperature leads to a uniform separation of zeros. The
interaction between the probe spins is isotropic and is defined by the coupling constant
J = λ/2pi.
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Let us project the initial state of the probe spins on the x-axis along the oppo-
site directions as follows |ψ(0)〉 = 1
2
[|1
2
, 1
2
〉 − |1
2
,−1
2
〉+ | − 1
2
, 1
2
〉 − | − 1
2
,−1
2
〉].
Then we obtain the following connection between the partition function of
the bath and correlation functions of the probe system
〈sxAszB〉 = 0, 〈syAszB〉 =
Z (β,−iλt/β)
Z (β, h = 0)
1
4
sin(Jt). (29)
Note that these equations are valid for an arbitrary number N of spins in the
bath. Also, it is important to note, that the concurrence of probe spins in the
moments of time tn, when the partition function Z (β,−iλt/β) vanishes, is
equal to zero, C (ρAB(tn)) = 0. In Figs. 2 and 3 we show the time-dependence
of correlation functions (29) and concurrence of the probe spins in the cases
of ten spins in bath and different temperatures.
5 Discussions and conclusions
In papers [15, 16] the relation between the Lee-Yang zeros of the quantum
Ising ferromagnet and decoherence of the probe spin was obtained. Later
using these results the Lee-Yang zeros were experimentally detected on the
trimethylphosphite molecule [17]. In recent paper [18] we generalized this
problem to the case of an arbitrary high-spin quantum bath and proposed
the new measured values of the probe spin, such as magnetization, suscep-
tibility and higher derivatives of magnetization. In the present paper we
proposed to study the Lee-Yang zeros of an arbitrary quantum Ising ferro-
magnet via exploration of the physical values of two probe interacting spins.
So, we considered the arbitrary quantum ferromagnetic Ising bath (1) which
interacts with two probe spin-1/2 through Ising interaction (6). The in-
teraction between probe spins is defined by anisotropic Heisenberg model
(5). Using the fact that these three parts of the total Hamiltonian mutually
commute we obtained the relation between the partition function of the bath
with effective complex magnetic field and correlation functions of probe spins
(14)-(17), (19). Thus, the observation of time-dependent behavior of correla-
tion functions of the probe spins allows to detect the partition function zeros.
The moments of time when these correlations functions vanish correspond to
the Lee-Yang zeros of the bath.
Since the probe spins interact between themselves, they can be in the en-
tangled states during evolution. The entanglement often occurs in problems
related to quantum information. We showed that it can be used for study the
thermodynamic properties of a spin system. So, we explored the influence of
the bath system on the value of entanglement of probe spins. As a result, we
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obtained the explicit expression for the values of the concurrence (measure
of entanglement) of probe system (22), (23) at the moments of time when
the bath achieved the Lee-Yang zeros. These values of the concurrence of the
probe system correspond to the Lee-Yang zeros of the bath with an effective
complex magnetic field. So, investigation of the entanglement of the probe
system allows to detect the zeros of the partition function of the bath.
We applied the results obtained in the paper to the spin-1/2 ring which
is described by the 1D ferromagnetic Ising model with nearest-neighbor in-
teraction as a bath and two probe spin-1/2 placed in the center of ring. The
interaction between the probe spins is described by the isotropic Heisenberg
model. We projected the probe spins at the initial moment of time on the x-
axis along the opposite directions. In this case, at the moments of time, when
the bath achieves the Lee-Yang zeros, the entanglement of the probe spins is
equal to zero. In Figs. 2 and 3 we showed the location of the Lee-Yang zeros
on a unit circle and marked the corresponding points in the graphs which
represent the time dependence of the correlation functions and concurrence
of probe spins for different temperatures.
As we mentioned earlier, the bath does not influence the state of the
probe spins if they evolve on the subspace spanned by the |1
2
,−1
2
〉, | − 1
2
, 1
2
〉
vectors. This is because the interaction couplings of both spins with the
bath are same. Thus, in order to provide the influence of the bath on this
evolution it is enough to make these couplings different. Moreover, the mag-
nitude of this influence depends on the value of difference between interaction
couplings. However, such interaction does not commute with the Hamilto-
nian of probe system (5) except the case of Jxx = 0. Thus, to obtain the
relation between the Lee-Yang zeros of the bath and measured values of
the probe system the interaction between the probe spins should be defined
by the Ising model. In this case, the density matrix of the probe system
contains four types of partition functions which differ by the form of an ef-
fective complex magnetic fields: −iλAt/β, −iλBt/β, −i(λA + λB)t/β and
−i(λA − λB)t/β, respectively. Here λA(B) is the value of interaction of A(B)
spin with the bath spins. So, to detect the Lee-Yang zeros of the partition
functions with −iλAt/β, −iλBt/β magnetic fields, the correlation functions
〈sxAszB〉 and 〈syAszB〉, 〈szAsxB〉 and 〈szAsyB〉 should be measured. In the cases of
partition functions with the −i(λA ± λB)t/β magnetic fields, to detect the
Lee-Yang zeros the correlation functions 〈sxAsxB〉 ∓ 〈syAsyB〉 should be mea-
sured. Finally, it is important to note that if the initial state of the probe
spins belongs to the subspaces spanned by the |1
2
,−1
2
〉, | − 1
2
, 1
2
〉 and |1
2
, 1
2
〉,
| − 1
2
,−1
2
〉 vectors than the concurrence of this system is defined by expres-
sions C (ρAB(t)) = 2
∣∣∣a 1
2
,∓ 1
2
a− 1
2
,± 1
2
Z (β,−i(λA ∓ λB)t/β) /Z (β, h = 0)
∣∣∣. This
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expression is similar to expression obtained in the case of the Heisenberg in-
teraction between probe spins (25). As we can see, here the concurrence of
the probe system is also proportional to the partition function of the bath
with an effective complex magnetic field. So, the zeros of the concurrence
correspond to the Lee-Yang zeros of the bath.
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Appendices
Appendix A Derivation the eigenvalues of ma-
trix R
In this appendix using Wootters definition of concurrence (20) we obtain the
eigenvalues of the matrix R constructed by density matrix (10) with h = 0
and t = tn. Then the density matrix ρAB(tn) and matrix ρ˜AB(tn) have the
form
ρAB(tn) =


∣∣∣a 1
2
,− 1
2
(tn)
∣∣∣2 a 1
2
,− 1
2
(tn)a
∗
− 1
2
, 1
2
(tn)
a∗1
2
,− 1
2
(tn)a− 1
2
, 1
2
(tn)
∣∣∣a− 1
2
, 1
2
(tn)
∣∣∣2


⊕


∣∣∣a 1
2
, 1
2
∣∣∣2 a 1
2
, 1
2
(tn)a
∗
− 1
2
,− 1
2
(tn)
Z(β,−i2λtn/β)
Z(β,h=0)
a∗1
2
, 1
2
(tn)a− 1
2
,− 1
2
(tn)
Z(β,−i2λtn/β)
Z(β,h=0)
∣∣∣a− 1
2
,− 1
2
∣∣∣2


(A1)
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and
ρ˜AB(tn) =


∣∣∣a− 1
2
, 1
2
(tn)
∣∣∣2 a 1
2
,− 1
2
(tn)a
∗
− 1
2
, 1
2
(tn)
a∗1
2
,− 1
2
(tn)a− 1
2
, 1
2
(tn)
∣∣∣a 1
2
,− 1
2
(tn)
∣∣∣2


⊕


∣∣∣a− 1
2
,− 1
2
∣∣∣2 a 1
2
, 1
2
(tn)a
∗
− 1
2
,− 1
2
(tn)
Z(β,−i2λtn/β)
Z(β,h=0)
a∗1
2
, 1
2
(tn)a− 1
2
,− 1
2
(tn)
Z(β,−i2λtn/β)
Z(β,h=0)
∣∣∣a 1
2
, 1
2
∣∣∣2

 ,
(A2)
respectively. The matrix ρAB(tn)ρ˜AB(tn) takes the following form
ρAB(tn)ρ˜AB(tn)
=
(
2
∣∣∣a 1
2
,− 1
2
(tn)
∣∣∣2 ∣∣∣a
−
1
2
, 1
2
(tn)
∣∣∣2 2 ∣∣∣a 1
2
,− 1
2
(tn)
∣∣∣2 a 1
2
,− 1
2
(tn)a∗
−
1
2
, 1
2
(tn)
2
∣∣∣a
−
1
2
, 1
2
(tn)
∣∣∣2 a∗1
2
,− 1
2
(tn)a
−
1
2
, 1
2
(tn) 2
∣∣∣a 1
2
,− 1
2
(tn)
∣∣∣2 ∣∣∣a
−
1
2
, 1
2
(tn)
∣∣∣2
)
⊕
( ∣∣∣a 1
2
, 1
2
∣∣∣2 ∣∣∣a
−
1
2
,− 1
2
∣∣∣2
[
1 +
(
Z(β,−i2λtn/β)
Z(β,h=0)
)2]
2
∣∣∣a 1
2
, 1
2
∣∣∣2 a 1
2
, 1
2
(tn)a∗
−
1
2
,− 1
2
(tn)
Z(β,−i2λtn/β)
Z(β,h=0)
2
∣∣∣a
−
1
2
,− 1
2
∣∣∣2 a∗1
2
, 1
2
(tn)a
−
1
2
,− 1
2
(tn)
Z(β,−i2λtn/β)
Z(β,h=0)
∣∣∣a 1
2
, 1
2
∣∣∣2
∣∣∣a
−
1
2
,− 1
2
∣∣∣2
[
1 +
(
Z(β,−i2λtn/β)
Z(β,h=0)
)2]
)
.
(A3)
The eigenvalues ω2i of this matrix satisfy the following equations
ω2
(
ω2 − 4
∣∣∣a 1
2
,− 1
2
(tn)
∣∣∣2 ∣∣∣a− 1
2
, 1
2
(tn)
∣∣∣2) = 0,
ω4 − 2ω2
∣∣∣a 1
2
, 1
2
∣∣∣2 ∣∣∣a− 1
2
,− 1
2
∣∣∣2
[
1 +
(
Z (β,−i2λtn/β)
Z (β, h = 0)
)2]
+
∣∣∣a 1
2
, 1
2
∣∣∣4 ∣∣∣a− 1
2
,− 1
2
∣∣∣4
[
1−
(
Z (β,−i2λtn/β)
Z (β, h = 0)
)2]2
= 0. (A4)
Solving these equations we take into account only the positive solutions (21).
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